Abstract. Jagy and Kaplansky exhibited a table of 68 pairs of positive definite binary quadratic forms that represent the same odd primes and conjectured that their list is complete outside of "trivial" pairs. In this article, we confirm their conjecture, and in fact find all pairs of such forms that represent the same primes outside of a finite set.
Introduction
The forms x 2 + 9y 2 and x 2 + 12y 2 represent the same set of prime numbers, namely, those primes p which can be written p = 12n + 1 for some positive integer n. What other like pairs of forms exist? Jagy and Kaplansky [JK] performed a computer search for pairs that represent the same set of odd primes and found certain "trivial" pairs which occur infinitely often and listed other sporadic examples. They conjecture that their list is complete.
Using the tools of class field theory, in this article we give a provably complete list of such pairs. By a form Q we mean an integral positive definite binary quadratic form Q = ax 2 +bxy+cy 2 ∈ Z[x, y]; the discriminant of Q is b 2 −4ac = D = df 2 < 0, where d is the discriminant of Q( √ D) or the fundamental discriminant, and f ≥ 1. We will often abbreviate Q = a, b, c .
Throughout, we look for forms that represent the same primes outside of a finite set-we say then that they represent almost the same primes. A form represents the same primes as any equivalent form under the action of the group GL 2 (Z). Hence from now on (except in the statement of Proposition 2.4, see Remark 2.5, and in the proof of Lemma 7.2), we insist that a form be GL 2 (Z)-reduced, i.e., 0 ≤ b ≤ a ≤ c. Moreover, the set of primes represented by a form is finite (up to a finite set, it is empty) if and only if the form is nonprimitive, that is to say gcd(a, b, c) > 1, and any two nonprimitive forms represent almost the same primes. We therefore also insist that a form be primitive, so that the set of primes represented is infinite.
If Q 1 , Q 2 are forms which represent almost the same primes, we write Q 1 ∼ Q 2 ; it is clear that ∼ defines an equivalence relation on the set of forms. To every equivalence class C of forms, we associate the set δ(C) of fundamental discriminants d of the forms in C as well as the set ∆(C) of discriminants D of forms in C.
The main result of this article is the following (Theorem 6.2).
Theorem. There are exactly 67 equivalence classes C of forms with #δ(C) ≥ 2. There are exactly 6 classes with #δ(C) = 3 and there is no class with #δ(C) ≥ 4.
Corollary. There are exactly 111 pairs of forms Q 1 , Q 2 with fundamental discriminants d 1 = d 2 such that Q 1 ∼ Q 2 .
The forms are listed in Tables 1-5 at the end of this article. As a complement to this theorem, we characterize forms Q 1 ∼ Q 2 with the same fundamental discriminant d 1 = d 2 (Theorem 7.4). These theorems together prove the conjecture of Jagy and Kaplansky in the affirmative regarding pairs that represent the same odd primes. (See also Remark 6.4 at the end of this article.)
We now give an outline of the proof. To a form Q, we associate an ideal class in an imaginary quadratic order and, by the Artin map, to this ideal class we associate an element of a ring class group (Proposition 2.4), and the representability of a prime p by the form Q then amounts to a certain splitting condition on p in the ring class field associated to Q. Therefore, two forms Q 1 , Q 2 represent almost the same primes if and only if they give rise to the same splitting data, which can be formally thought of as an open and closed subset S ⊂ Gal(Q/Q) (Lemma 3.6). By Galois theory, such a set has a (unique) minimal field of definition L (Proposition 3.5).
We first treat the case when the forms Q 1 , Q 2 have different fundamental discriminants d 1 = d 2 . Group theoretic considerations show that Q 1 , Q 2 have the same genus class field, contained in the field L, and that their ring class groups are of type dividing (2, . . . , 2, 4), i.e. they can be embedded in (Z/2Z) r ⊕ Z/4Z for some r ∈ Z ≥0 (Proposition 4.5). We then extend existing methods for bounding class groups of imaginary quadratic fields and, using a computer, effectively determine all possible ring class extensions which may arise from the forms Q 1 ∼ Q 2 ( §5). From this finite data we can then list all possible pairs of quadratic forms which represent almost the same primes ( §6).
When Q 1 , Q 2 have the same fundamental discriminant d 1 = d 2 , we can by classical methods determine necessary and sufficient conditions for Q 1 ∼ Q 2 ( §7).
As a side result which may be of independent interest, we provide the following classification of class groups of quadratic orders (Proposition 8.2).
Proposition. There are at least 226 and at most 227 fundamental discriminants D = d < 0 such that Cl(d) is of type dividing (2, . . . , 2, 4), and there are at least 199 and at most 205 such discriminants D of nonmaximal orders. Tables 7-16 at the end of this article.
These orders are listed in

Ring class fields
In this section, we fix notation and summarize without proof the few results we will need from class field theory and the theory of L-functions (see e.g. [Cox] , [La] , and [Wa] ).
Let K = Q( √ d) be an imaginary quadratic field of discriminant d < 0 with ring of integers A. For an integer f ≥ 1, consider the order A f = Z + f A; the discriminant of A f is D = df 2 . There is a bijection between the set I(A) of ideals of A coprime to f and the set I(A f ) of ideals of A f coprime to f , given by a → a∩A f and conversely a f → a f A. Let Cl f (d) = Cl(D) = Pic(A f ) be the class group of the order A f , namely the group of invertible A f -ideals modulo principal A f -ideals. Given an ideal a ⊂ A prime to f , the A f -module a ∩ A f is trivial in Cl (D) if and only if a is principal and generated by an element α with α ≡ z (mod f A) for some z ∈ Z. We write
Proposition 2.1 ( [Cox, §9] ). There is a unique field R (f ) ⊃ K inside K that is abelian over K with the following properties:
for each prime p of K coprime to f . The field R (f ) is the largest abelian extension of K of conductor dividing (f ) in which all but finitely many primes of K inert over Q split completely.
The exact sequence
splits, and a choice of splitting gives an isomorphism
where the nontrivial element of
The field R (f ) is called the ring class field of K of modulus f , and the map Cl f (d) ∼ = Gal(R (f ) /K) is known as the Artin isomorphism. Remark 2.2. As Gal(R (f ) /K) is abelian, we see from the proposition that the conjugacy class of an element
Proof. The conductor of R (f1) ∩R (f2) divides both (f 1 ) and (f 2 ), therefore it divides (f ) and has all but finitely many primes of K inert over Q split completely, hence
Proposition 2.4 ( [Cox, Theorem 7.7] ). Let D = df 2 < 0 be a discriminant. Then there is a bijection between the set of SL 2 (Z)-reduced forms of discriminant D and the set of ideal classes in Cl (D) by the identifications 
Remark 2.5. When considering primes represented by a form, we naturally link a Frobenius element together with its inverse; note that exactly one element of any conjugacy class {σ, σ −1 } is associated with a GL 2 (Z)-reduced form.
, it follows from the Chebotarev density theorem that the density of the set of primes represented by Q is equal to 1/(2h f (d)) if the corresponding element σ has order ≤ 2 (i.e., σ = σ −1 ) and 1/h f (d) otherwise.
Lemma 2.7. The forms Q 1 , Q 2 represent almost the same primes (Q 1 ∼ Q 2 ) if and only if for almost all primes p of Q, we have
2 } ⊂ Gal(R 2 /Q). Remark 2.8. It follows from this that if Q 1 , Q 2 are forms with the same discriminant
Proposition 2.9. The field P (f ) ⊂ R (f ) given by
is the largest subextension of R (f ) ⊃ K with Galois group Gal(R (f ) /K) of exponent dividing 2. Moreover, the extension P (f ) ⊃ Q is itself abelian and of exponent 2, and is the largest abelian subextension of R (f ) ⊃ Q.
The field P (f ) is called the genus class field of K of modulus f .
Proof. This follows immediately from Proposition 2.1, as inversion acts trivially on a group of exponent dividing 2.
We can compute the genus class field explicitly as follows. For p an odd prime we write p
Corollary 2.10. Let p 1 , . . . , p r be the odd primes dividing D and let
. Then the genus class field P (f ) of K is as follows:
Proof. See [Cox, §6A] for the case f = 1. The case f > 1 is a standard calculation and follows in a similar way.
Corollary 2.11. The odd primes p which ramify in P (f ) are exactly the odd primes that divide D.
If G is an abelian group and n ∈ Z >0 , then we define G[n] = {g ∈ G : ng = 0}.
For a fundamental discriminant d < 0, let
Lemma 2.13 ( [Cox, Theorem 7.24] ). The sequence
is exact, and
In the sequel, we will use lower bounds on the sizes of the class groups of quadratic fields. If we write
for s ∈ C with Re(s) > 0, then
for |d| > 4 (see e.g. [D, §6] ). By the Brauer-Siegel theorem, log h(d) is asymptotic to log( |d|) as |d| → ∞; by a result of Siegel [S], we know that for every > 0, there exists a constant c( ) such that
however, this constant c( ) is not known to be effectively computable. Therefore we will use the following result on the size of L(1, χ).
Lemma 2.14 (Tatuzawa [T]). For any 0 < < 1/2, there is at most one fundamental discriminant d < 0 with log |d| > max(1/ , 11.2) satisfying
Fields of definition
We now proceed with a bit of Galois theory. The reader may prefer on a first reading to skip to the next section and refer back when needed.
Let K be a field with separable closure K and absolute Galois group G = Gal(K/K), equipped with the Krull topology. Let E be a finite extension of K contained in K and let Hom K (E, K) denote the set of K-embeddings E → K; if E is Galois over K, then Hom K (E, K) is identified with Gal(E/K). We have a restriction map
The map res E is continuous if the finite set Hom K (E, K) is equipped with the discrete topology. Eσ (σ| Eσ ) ⊂ S of σ given by some finite extension E σ ⊃ K. Together these give an open cover {U σ } σ∈S of S. Since G is compact and S is closed, S is itself compact and therefore is covered by {U σ } σ∈S for S ⊂ S a finite subset. Let L be the compositum of the fields E σ for σ ∈ S , and let
Then by construction S = res
Given an open and closed set S ⊂ G, we say that L is a field of definition for S if L ⊃ K is a finite extension and there is a subset
It follows immediately from this that if L is a field of definition for S and M ⊃ L is a finite extension, then M is also a field of definition for S.
Put in these terms, Lemma 3.1 states that every open and closed subset S ⊂ G has a field of definition.
If a minimal field of definition L exists, it is obviously unique. 
Proof. Consider the set
The set H(S) is clearly a subgroup of G. Let L ⊃ K be a finite extension with H = Gal(K/L). Then by Remark 3.3, the field L is a field of definition for S if and only if the following statement holds:
Note σ| L = τ | L if and only if τ −1 σ ∈ H, therefore L is a field of definition if and only if for all τ ∈ S, we have τ H ⊂ S, which holds if and only if SH = S, i.e.,
. Since a field of definition for S exists by Lemma 3.1, we see that L(S) is a finite extension of K. Therefore L(S) is the minimal field of definition for S.
We now relate this notion to representation of primes. Let K be a number field. Let Π be the set of equivalence classes of sets of primes of K, where two sets are equivalent if they differ only by a finite set. To every open and closed set S ⊂ G which is closed under conjugation, we can associate a set P(S) of primes of K: namely, if L is a field of definition for S, we associate the set
where Frob p is the Frobenius class at the prime p. If M is another field of definition for S, then the two sets given by L and M differ by only a finite set, contained in the set of primes that ramify in L or in M , and hence we have a well-defined element P(S) ∈ Π.
Lemma 3.6. The above association S → P(S) is injective. The minimal field of definition for S is Galois over K.
Proof. Suppose that S = S . By Remark 3.3, the compositum of a field of definition for S and for S is a field of definition for both. Therefore there exists a common field of definition L for S, S which by the same remark we may take to be Galois
by the Chebotarev density theorem [La, p. 169] , there exist infinitely many primes p of K such that Frob p is equal to the conjugacy class of σ, which is disjoint from S | L since S is closed under conjugation. Therefore P(S) = P(S ).
For the second statement, let S be a set with minimal field of definition L and let α ∈ G. Then the set αSα −1 has minimal field of definition αL: we have
Therefore if S is closed under conjugation then αL = L and the minimal field of definition is Galois over K.
Characterizing equivalence via class groups
In this section, we characterize the class groups which can arise from a pair of quadratic forms which represent almost the same primes. In particular (Proposition 4.5), if the forms have different fundamental discriminants, we show that they must either be of exponent dividing 2 or of type (2, . . . , 2, 4). This proposition allows us to give necessary and sufficient conditions for the existence of such pairs with different fundamental discriminants (Theorem 4.7) and the same fundamental discriminant (Proposition 4.8).
Throughout the following sections, we will utilize the following notation.
, and let R be the ring class field of K of modulus f with h(D) = # Cl(D) = [R : K] and genus class field P ⊃ K. By Proposition 2.1, the form Q corresponds to an ideal class [a] and to an element σ ∈ Gal(R/K). We define the set
Note that P(S) (as in Lemma 3.6) is the set of primes represented by Q, up to a finite set (contained in the set of primes dividing f ).
The set S is open and closed in Gal(Q/Q) and closed under conjugation. Let L = L(S) be the minimal field of definition for S, which exists by Corollary 3.5; since R is a field of definition for S, we have L ⊂ R. (Note here we take the base field in §2 to be Q.) Lemma 4.2. We have [R : L] ≤ 2, and [R : L] = 2 if and only if σ| L has order 2 and σ has order 4. Moreover, we have P ⊂ L. 
, σ| L has order 2 and σ has order 4.
To prove that P ⊂ L, note that in either case Gal(R/L) is generated by
Now suppose that Q 1 and Q 2 are a pair of forms, following Notation 4.1 with appropriate subscripts. It is immediate from Lemma 2.7 that Q 1 and Q 2 have the same set P(S) (up to a finite set) and by the injectivity of Lemma 3.6 the same set S, hence the same minimal field of definition L.
is fixed by all elements of S. Moreover, we have equality of genus class fields P 1 = P 2 .
Proof. This follows immediately from the fact that K i ⊂ P i ⊂ L and that P i is the maximal subextension of L/Q of exponent dividing 2.
We denote this common genus class field by P = P 1 = P 2 .
We now distinguish two cases, depending on whether Q 1 , Q 2 have the same fundamental discriminant.
Proposition 4.5. Suppose Q 1 ∼ Q 2 and K 1 = K 2 . Then for i = 1, 2, the group Gal(R i /K i ) is of type dividing (2, . . . , 2, 4), and the minimal field of definition is equal to the common genus class field, i.e. L = P .
where the nontrivial element of Gal(
is of exponent 2, and then from the exact sequence
The second statement then follows, since then L ⊂ P .
Remark 4.6. This proposition answers a question of Jagy and Kaplansky [JK] . Two ideal classes are said to be in the same genus if their ratio is a square of an ideal class. Jagy and Kaplansky call a form Q bi-idoneal if its genus consists of only Q and its inverse; in their terminology, every "non-trivial" pair of forms (i.e.,
representing the same primes they found was bi-idoneal. Proposition 4.5 shows that this always holds: if Q 1 , Q 2 represent the same primes outside a finite set and d 1 = d 2 , then Q 1 and Q 2 are bi-idoneal. This follows from the fact that a finite abelian group G has #(G 2 ) ≤ 2 if and only if G is of type dividing (2, . . . , 2, 4).
We can now formulate necessary and sufficient conditions for the existence of pairs which represent almost the same primes with different fundamental discriminants.
Theorem 4.7. Let Q 1 , Q 2 be forms, and suppose that K 1 = K 2 . Then Q 1 ∼ Q 2 if and only if both of the following hold:
(i) R 1 and R 2 have the same genus class field P , and
(ii) For i = 1, 2, the group Gal(R i /K i ) is either of exponent dividing 2, or is of type (2, . . . , 2, 4) and σ i has order 4.
Proof. We have shown these conditions are necessary: condition (i) follows from Lemma 4.3 and Corollary 4.4 and (ii) follows from Proposition 4.5. Now we show that these conditions are also sufficient. For i = 1, 2, let L i be the minimal field of definition of S i (as in Notation 4.1, with subscripts). From Lemma 4.2 and (i), we have P ⊂ L i , and since R i is a field of definition for S i we have L i ⊂ R i . We now will show that in fact L i = P . From (ii), either Gal(R i /K i ) is of exponent dividing 2 and R i = L i = P already, or Gal(R i /K i ) is of type (2, . . . , 2, 4) and σ i has order 4. But then P is a field of definition for S i , since res
Now let p be a prime which is unramified in
To conclude this section, we consider the case when two forms have the same fundamental discriminant.
Proposition 4.8. Let Q 1 , Q 2 be forms with
Suppose that f 1 | f 2 , and let
be the natural (restriction) map. Then Q 1 ∼ Q 2 if and only if φ(σ 2 ) = σ 1 and one of the following holds: either φ is an isomorphism, or
The kernel of φ has order 2, generated by σ 2 2 , and σ 1 has order 2. More generally, we have Q 1 ∼ Q 2 if and only if there exists a form Q of dis-
Proof. From Proposition 2.1, we conclude that 
2 }, where σ 2 has order 4 and σ 1 has order 2. Now σ 1 has order 2 if and only if σ 2 2 ∈ ker φ, and ker φ is generated by σ 2 2 if and only if σ 2 has order 4, which is condition ( †). This proves the first statement.
To prove the second statement, let R = R f . Then by Corollary 2.3, R 1 ∩R 2 = R. Since L ⊂ R 1 , R 2 we see that L ⊂ R, therefore by Remark 3.3 the field R is a field of definition for S. Let Q be the form of discriminant df 2 associated to σ 1 | R . Again by Lemma 4.2, we see that either R 1 = R, in which case Q 1 ∼ Q, or [R 1 : R] = 2, in which case L = R and as above we have Q 1 ∼ Q. Similarly, let Q be the form of discriminant df 2 associated to σ 2 | R . Then Q 2 ∼ Q . Since Q 1 ∼ Q 2 , we have Q ∼ Q . But Q and Q have the same discriminant, which implies that Q = Q , by Remark 2.8.
Bounding class groups
Recall as in the introduction, to every equivalence class C of forms, we associate the set δ(C) of fundamental discriminants of the forms in C as well as the set ∆(C) of discriminants of forms in C. In this section, we will prove that there are only finitely many equivalence classes C with #δ(C) ≥ 2. More precisely, we will prove the following statement.
Proposition 5.1. The sets
are finite and effectively computable. Moreover, #D δ ≤ 226 and #D ∆ ≤ 425.
First note the following lemma.
and let c be a positive integer such that a c is principal. If a is not a principal ideal generated by a rational integer and a is prime to d, then (N a) c > |d|/4.
To prove this lemma, one shows that if (α) = a c , then α is not a rational integer by considering the factorization of a in K, and therefore
Since N p = p is not a square, we know that p is not generated by a rational integer. The lemma implies then that (N p)
is of type dividing (2, . . . , 2, 4) and |d| > 2500, then f ∈ {1, 2, 3, 4, 6, 8, 12}.
Proof. Recall the exact sequence of Lemma 2.13 Let Q 1 , Q 2 be forms with
Lemma 5.5. Let Q 1 ∼ Q 2 and suppose |d min | = min{|d 1 |, |d 2 |} > 2500. Then
Moreover, if p 4 ≤ |d min |/4 and p is inert in K 0 , then p ramifies in K 1 and K 2 .
Proof. By Lemma 4.3, the ring class fields R 1 and R 2 have the same genus class field, and by Lemma 4.5, the group Cl fi (d i ) is of type dividing (2, . . . , 2, 4) for i = 1, 2. By Corollary 2.11, the same set of odd primes divide the discriminants
Therefore the discriminant of K 0 is supported only at the primes 2 and 3, and K 0 is one of the fields listed.
Let p be a prime with
Remark 5.6. This lemma proves that given a fundamental discriminant d with |d| > 2500, one can explicitly determine all possibilities for fundamental discriminants d of forms Q with Q ∼ Q.
Lemma 5.7. Let p 1 = 3, p 2 = 5, . . . be the sequence of odd primes in increasing order, and for each t ∈ Z ≥1 let
Let d < −3 be a fundamental discriminant with g distinct prime factors, and let t ∈ Z ≥1 . Then
Proof. First, we prove that |d| ≥ d g . If d ≡ 0 (mod 4), then this is clear. If d ≡ 1 (mod 4) and g = 1, then by assumption |d| ≥ 7 > 4. If g ≥ 2, then p g ≥ 5, and therefore
for g ≥ t. But for g < t, we also have
By the preceding two lemmas, we can apply the result of Tatuzawa (Lemma 2.14) to obtain the following. Proof. Apply Lemma 2.14 with = 1/ log B. Note that log B > 11.2. Since there is at most one possible exceptional discriminant, we may assume without loss of generality that d = d 1 is not exceptional, hence
We suppose that |d| > B and derive a contradiction. By Lemma 5.5, every prime p ≤ 67 which is inert in K 0 must divide d. Let g be the number of distinct prime factors of d; since # Cl(d)[2] = 2 g−1 (Corollary 2.12) and Cl(d) is of type dividing (2, . . . , 2, 4), we see that
From Lemma 5.5, we have three cases to consider. 13 . In a similar way, for K 0 = Q( √ 6), we obtain d 0 (67, 24) = 7 · 11 · . . . · 61 > 2.8 · 10
13 . In any case, we see that |d| > 2.8 · 10
13 , and hence 
which is a contradiction.
Proof of Proposition 5.1. First, by an exhaustive list, we find that there are exactly 226 fundamental discriminants d with |d| ≤ B such that Cl(d) is of type dividing (2, . . . , 2, 4). To speed up this computation, we use Corollary 5.3 to rule out many of these discriminants. This was accomplished in MAGMA. (The code is available from the author by request.) By Proposition 5.8, we have missed at most one possible fundamental discriminant from the set D d . Next, we show that there are exactly 199 discriminants D = df 2 of nonmaximal orders with |d| ≤ B such that Cl f (d) is of type dividing (2, . . . , 2, 4). By Lemma 5.4, we know that f ∈ {2, 3, 4, 6, 12}. We can use any algorithm which computes class groups (e.g. enumeration) to check these finitely many nonmaximal orders. Now suppose that Q 1 , Q 2 are forms that represent the same primes with |d 1 | < |d 2 |. Then |d 1 | ≤ B, and we must show that |d 2 | ≤ B as well to have computed D d and therefore D D as well. If |d 1 | ≤ 2500, then from the list of discriminants we see that |D 1 | ≤ 29568; since Q( √ d 2 ) ⊂ P 1 , we see from Lemma 4.3 that |d 2 | ≤ 4 · 29568 < B. Otherwise, by Remark 5.6, there are only 3 possibilities for d 2 , and since |d 1 | ≤ 10920, it follows that |d 2 | ≤ 12 · 10920 ≤ B as well, completing the proof.
Finding the pairs of quadratic forms
To conclude, we list all forms with K 1 = K 2 . Using Corollary 2.10, we first compute the genus class field for each of the 425 discriminants found in section 5. We find 86 pairs of discriminants for which the genus class fields are equal.
We now apply Theorem 4.7. If the class group of both discriminants are both of exponent 2, then for every σ ∈ Gal(R/K 1 K 2 ), we obtain a pair corresponding to σ i = σ ∈ Gal(R/K i ). For each i such that Gal(R i /K i ) has a factor Z/4Z, we proceed as follows: for each σ ∈ Gal(R i /K 1 K 2 ) ⊂ Gal(R i /K i ) of order 4, we compute the fixed field of σ| P by finding a prime p D i represented by the form Q ↔ σ, and compute (using Legendre symbols) the largest subfield of P in which p splits completely. Then every pair σ 1 , σ 2 with the same fixed subfield (so that σ 1 | P = σ 2 | P ) gives rise to a pair of forms. The first form 5, 2, 53 represents the prime 5, so we compute the Legendre symbols (−1/5), (2/5), (−3/5), (−11/5), and find the fixed field Q(i, √ 6, √ −11) ⊂ P . Continuing in this way, we find that only the pair 7, 6, 39 and 7, 4, 76 have a common fixed field, namely the field Q( √ 2, √ −3, √ 11), and this proves that they represent the same primes (those which are congruent to 7, 79, 127, 151, 175 (mod 264)).
Carrying out this calculation for each of the 86 pairs, and supplementing this list with any pairs arising from the same fundamental discriminant, we obtain the forms listed in Tables 1-5. Theorem 6.2. There are exactly 67 equivalence classes of forms C such that #δ(C) ≥ 2. There are exactly 6 classes with #δ(C) = 3 and there is no class with #δ(C) ≥ 4. Definition 6.3. The exceptional set E of a form Q is the set of primes p such that Q represents p and there exists a form Q ∼ Q such that Q does not represent p.
Remark 6.4. Jagy and Kaplansky [JK] miss the two pairs 5, 0, 6 , 11, 4, 14 and 3, 0, 40 , 27, 12, 28 in their "near misses" (those pairs with exceptional set not contained in {2}). Moreover, the form 4, 4, 9 in their paper should be 4, 4, 19 .
Forms with the same fundamental discriminant
In this section, we treat the case when the forms have the same fundamental discriminant. We will again use Notation 4.1. Throughout, let Q 1 , Q 2 be forms with
If f 1 = f 2 , so that D 1 = D 2 , then by Remark 2.8 either Q 1 = Q 2 or Q 1 ∼ Q 2 . So without loss of generality we may assume that f 1 < f 2 .
We begin with a general lemma about quadratic forms.
Definition 7.1. Let Q be a form of discriminant D < 0 and let r ∈ Z ≥1 . The form Q is an r-lift of Q if the following conditions hold: Proof. Throughout this proof, we require only that forms be SL 2 (Z)-reduced rather than GL 2 (Z)-reduced, but we maintain all other assumptions on our forms, as in the introduction. Recall that Q is SL 2 (Z)-reduced if and only if |b| ≤ a ≤ c and b = 0 if either |b| = a or a = c.
The first statement of the lemma is classical: The opposite of the form Q is the form SL 2 (Z)-equivalent to Q = a, −b, c . But this form is already SL 2 (Z)-reduced, unless |b| = a or a = c, and in either of these cases in fact Q is SL 2 (Z)-equivalent to Q, so that σ has order dividing 2.
For the second statement, first suppose 0 = b and that a is odd. Note that the form Q = a, 0, 4c is a 2-lift of Q, since the set of primes which it represents is a subset of those represented by Q. If c is odd, then a 2-lift is 4a, 0, c if 4a ≤ c and c, 0, 4a if 4a > c. This concludes this case, because if a and c are both even then Q is not primitive. Next, suppose that b = a. Then since D is even, a is even, so c is odd. Therefore a 2-lift of Q is the form SL 2 (Z)-equivalent to Q = 4a, 2a, c , which is either Q if 4a < c, or c, −2a, 4a if 2a < c < 4a, or c, 2(c − a), 4a + c if c < 2a; we cannot have 4a = c or 2a = c as then c is even and Q is not primitive. In any case, the 2-lift visibly has order > 2, therefore all 2-lifts have order > 2 since they differ by an element of the kernel which is of order dividing 2, by Proposition A.1.
Finally, suppose a = c. Here, we know that b is even so a is odd, and a 2-lift of Q is the form SL 2 (Z)-equivalent to Q = a, 2b, 4a , which is Q if 2b < a and a, 2(b − a), 5a − 2b if 2b > a; we cannot have 2b = a, since a is odd. This form has order dividing 2 if and only if b = a which is impossible (a must be even from the previous paragraph), and otherwise this lift has order > 2.
Proposition 7.3. Let Q 1 , Q 2 be forms with d 1 = d 2 = d and f 1 < f 2 . Then Q 1 ∼ Q 2 if and only if Q 2 is the unique 2-or the unique 4-lift of Q 1 .
Proof. First, suppose that f 1 | f 2 and that A f1 and A f2 have the same number of roots of unity. Note that the set of primes represented by Q 2 is contained in the set of primes represented by Q 1 up to a finite set if and only if Q 2 is an r-lift of Q 1 for some r ∈ Z >1 . Moreover, if there exist two such r-lifts Q 2 , Q 2 , then these two forms will represent disjoint, infinite nonempty sets of primes. Putting these together, we see that Q 1 ∼ Q 2 if and only if Q 2 is the unique r-lift of Q 1 for some r ∈ Z >1 .
From Lemma 4.2 we have [R 2 : R 1 ] ∈ {1, 2}. On the other hand, by Lemma 4.3, R 1 and R 2 have the same genus class field, so from Proposition 2.10, if p d is an odd prime then p | f 1 if and only if p | f 2 . From Lemma 2.13 we have
where
1, otherwise.
From Proposition 4.8, there exists a form Q of discriminant df 2 with f = gcd(f 1 , f 2 ) such that Q 1 ∼ Q ∼ Q 2 . But since u ∈ 1 2 Z we see from ( * ) that f i /f ∈ 2 Z for i = 1, 2, so f 2 /f 1 ∈ 2 Z as well and hence since f 1 < f 2 we have f = f 1 | f 2 and Q = Q 1 . Moreover, we have u = 1/2 or u = 1 and hence either f 2 = 2f 1 or f 2 = 4f 1 , so Q 2 is the unique 2-or 4-lift of Q 1 .
To conclude, suppose that the two orders have different numbers of roots of unity. Then d = −3, −4 and A f1 is the maximal order and A f2 is not. Repeating the above analysis, we easily verify that either f 2 = 2f 1 or f 2 = 4f 1 ; the finitely many cases that can occur are listed in Table 6 .
To conclude, from this proposition it suffices to give necessary and sufficient conditions for the form Q 1 to have a unique 2-or 4-lift. Note that if Q 2 is the unique 4-lift of Q 1 , and Q is the unique 2-lift of Q 1 , then in fact Q 2 is the unique 2-lift of Q, and Q 1 ∼ Q ∼ Q 2 . Therefore it suffices to give criteria equivalent to those occurring in Proposition 4.8. Table 6 ) and find cases (iii) and (iv).
More generally, we apply Proposition 4.8. The map φ is an isomorphism if and only if h(D 2 ) = h(D 1 ). By Proposition A.1, this occurs if and only if (d/2) = 1 (and f 2 = 2f 1 ), which is case (i).
For condition ( †) from Proposition 4.8, first for any positive integer f , let
From the functoriality of the exact sequence of Lemma 2.13, we obtain a commutative diagram
is a nonsplit Z/2Z-extension, so we see from Proposition A.1 that 2 | D 1 . Therefore ( †) holds if and only if 2 | D 1 , σ 1 has order 2 and σ 2 has order 4. The result now follows from Lemma 7.2.
Computing class groups
To give an alternative proof of Proposition 5.1, we may also characterize with at most one possible exception all imaginary quadratic extensions having class group of type dividing (2, . . . , 2, 4). This result is not needed in the sequel, but it also yields an independent result (Theorem 8.2).
It was a classical problem to characterize field discriminants whose class group has exponent dividing 2, comprised of quadratic forms which are said to be "alone in their genus". It has long been known that the Brauer-Siegel theorem implies that there are only finitely many such discriminants [Ch] .
has exponent dividing 2 is finite. There are at least 65 and at most 66 such fundamental discriminants, and at least 36 and at most 37 such discriminants of nonmaximal orders.
Under the assumption of a suitable generalized Riemann hypothesis, there are exactly 65 and 36 of these discriminants, respectively.
The list of these discriminants can be found in [BS, Table 5 ]. Here we have a small variant of this problem, to which we may apply the same techniques. These extensions are listed in Tables 7-16. Our proof of the proposition will again rely on the result of Tatuzawa (Lemma 2.14).
Lemma 8.3. There are effectively computable constants C 9 , C 10 , and C 11 satisfying the following condition:
With at most one exception, for all fundamental discriminants d < 0 with g distinct prime factors such that |d| ≥ C 9 and Cl(d) is of type dividing (2, . . . , 2, 4), we have g ∈ {10, 11} and |d| < C g .
Proof. Let d < 0 be a fundamental discriminant with g distinct prime factors and class group of type dividing (2, . . . , 2, 4). Recall as in the proof of Proposition 5.8 that h(d) ≤ 2 g . Let C 9 be the smallest positive integer such that 2 9 = 512 ≤ 0.655 πe √ C 9 log C 9 (allowable, since √ x/ log x is increasing for x ≥ e 2 ). A calculation shows that log C 9 > 23. Now apply Lemma 2.14 with = 1/ log C 9 .
Suppose that d is not the exceptional discriminant. Then if |d| ≥ C 9 , we have
In particular, this implies that
and therefore g > 9.
By Lemma 5.7, we have |d| ≥ d 9 · 29 g−9 and hence
log C 9 29
This inequality implies that g < 12.
For t ∈ {10, 11}, let C t the smallest positive integer such that
a contradiction. This completes the proof.
We are now ready to prove main result of this section.
Proof of Proposition 8.2. We have already computed (in the previous section) that there are exactly 226 such fundamental discriminants with |d| ≤ B. Therefore the proposition will follow from Lemma 8.3 and Lemma 5.4 when it is shown that there are no fundamental discriminants d < 0 with Cl(d) of type dividing (2, . . . , 2, 4) satisfying one of the following conditions:
(1) 4 · 67 4 = B ≤ |d| < C 9 ; or (2) The integer d has exactly g distinct prime divisors, g ∈ {10, 11} and C 9 ≤ |d| < C g . Note that from the proof of Lemma 8.3, we find C 9 = 25593057435 ≈ 2.5 · 10 10 , C 10 = 116145031943 ≈ 1.1 · 10 11 , and C 11 = 527083115400 ≈ 5.2 · 10 11 . The computations in (1) and (2) can be simplified by appealing to Lemma 5.3: if p ≤ 4 |d|/4, then (d/p) = 1. We then test for each prime p such that 4 |d|/4 < p ≤ |d|/4 and (d/p) = 1 if p 4 is principal (working in the group of quadratic forms of discriminant d), where (p) = pp. To further rule out discriminants, we may also check given two such primes p 1 , p 2 that (p 1 p 2 ) 2 is principal. For d which satisfy all these conditions, we compute the class group Cl(d) itself (e.g. using an algorithm of Shanks) and check explicitly if it is of type dividing (2, . . . , 2, 4). A computer search in MAGMA found no such d. (The code is available from the author by request.)
We also prove a complementary result which relies on a generalized Riemann hypothesis.
Proposition 8.4. If the zeta function of the field K = Q( √ d) of discriminant d < 0 does not have a zero in the interval [1 − (2/ log |d|), 1) and the class group of K is of type dividing (2, . . . , 2, 4), then |d| < 1.3 · 10 10 .
be an imaginary quadratic field of discriminant d. Suppose that the zeta function of K does not have a zero in the interval [1 − (2/ log |d|), 1). Then
where e = exp(1).
Proof of Proposition 8.4. We follow [Lo, Théorème 2]. Let g be the number of distinct prime factors of the discriminant d.
. We compute easily that in this case
Theorem 8.6. Under the above Riemann hypothesis, there are exactly 226 fundamental discriminants d such that Cl(d) is of type dividing (2, . . . , 2, 4), and 199 such discriminants D of nonmaximal orders.
This follows from Proposition 8.4 and the computations performed in the proof of Proposition 8.2.
Appendix: Ring Class Groups
In this appendix, we prove a proposition which characterizes ring class groups; we give a full statement for completeness.
where p is prime and e > 0. We have
) and e = 1;
Z/3Z, if d ≡ 5 (mod 8) and e = 1;
and
and finally for p = 2, 3, we have
Proof. The first statement follows from the Chinese remainder theorem. From Lemma 2.13, we have
We first treat the trivial case p e = 2: then (Z/2Z) * is the trivial group, and 
Z/2Z ⊕ Z/2 e−2 Z, if p = 2 and e ≥ 2;
From now on we assume p e = 2 and (d/p) = 1. Let K p denote the completion of K at p, so that A p is its valuation ring with maximal ideal p and uniformizer π. We denote by v the unique valuation on K p normalized so that v(p) = 1. Let
It follows from [N, Proposition II.5.4] that there exists a (continuous) homomorphism log p : A * p → A p , with the property that log p restricts to an isomorphism
One has an exact sequence
We have an analogous exact sequence for Z p , and since (1+V (A p ))∩Z p = 1+V (Z p ), it injects term-by-term into the one for A p , yielding the following exact sequence:
From the above, we see that by the logarithm map,
Now let us assume that p = 2, 3. Then V (A p ) = p, and V (Z p ) = pZ p . We first analyze the group
/p e Z p from ( ); we claim it is cyclic. If (d/p) = −1, with ∈ A p such that A p = Z p + Z p as additive groups, then since p = V (A p ) = pZ p + p Z p , the element p generates the group ker φ. If (d/p) = 0, then V (A p ) = πZ p + pZ p , so π is a generator. It follows that
Now we analyze the image of φ. We have A * II.5.3]) , and this group can be computed as follows. Since [K p : Q p ] = 2 and the extension Q p (ζ p ) is a totally ramified extension of Q p of degree p − 1, we conclude that A p contains no p-power roots of unity. Therefore
Since µ(Z p ) ∼ = Z/(p − 1)Z, putting these two pieces together, we see that in the exact sequence ( ), the kernel and image groups have orders which are relatively prime to each other and hence the exact sequence splits, and we obtain the result of the proposition.
To conclude, we must treat the cases p = 2, p = 3. Every field extension of Q 2 of degree 2 is isomorphic to Q 2 ( √ c) for c ∈ {−1, ±2, ±3, ±6}, and similarly for Q 3 we have c ∈ {−1, −3, 3, }. We leave to the reader to verify the following: for p = 2,
and for p = 3,
Computing the orders of these elements yields the conclusion of the proposition.
[ 
Tables
In Tables 1-2 , we list equivalence classes with two fundamental discriminants (δ(C) = 2), then in Tables 3-5 those with three fundamental discriminants, then in Table 6 the exceptional cases with one fundamental discriminant (see Proposition 7.4(iii)-(iv)). Within each table, the classes are sorted by the smallest fundamental discriminant d in each class. Every form in an equivalence class has associated to it the same genus class field P (Lemma 4.3), denoted Q[a 1 , . . . , a r ] = Q( √ a 1 , . . . , √ a r ). The class group Cl f (d) for each form is given by its type. The set E denotes the exceptional set for each equivalence class (6.3). If r ∈ Z ≥0 , an abelian group G is said to be of type (2, . . . , 2 r , 4) if
The group G is of type dividing (2, . . . , 2, 4) if there is an injection of groups
for some r ∈ Z ≥0 . In Tables 7-16 , we list the orders of imaginary quadratic fields with class group of type dividing (2, . . . , 2, 4), with at most possible exception (as in Theorem 8.2). In particular, there is no order with class group of type (2, 2, 2, 2, 2) (unless this is the one exception!). The tables are sorted by the isomorphism class of the class group, and within each table the classes are sorted by fundamental discriminant and then discriminant.
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